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Scale-free networks

In- and out- degrees of WWW crawl 1999
Broder et.al, 1999
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Node degree distribution

• ki - node degree, i.e. number of nearest neighbors,
ki = 1, 2, ...kmax

• nk - number of nodes with degree k, nk =
∑

i I(ki == k)
• total number of nodes N =

∑
k nk

• Degree distribution is a fraction of the nodes with degree k

P(ki = k) = Pk =
nk∑
k nk

=
nk
N
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Node degree distribution
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Degree distribution
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Degree distribution
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Power law degree distribution

Pk ∼ k−γ log Pk ∼ −γ log(k)
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Power law degree distribution
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Discrete power law distribution

• Power law distribution, k ∈ N, γ ∈ R > 0

Pk = Ck−γ =
C
kγ

• Log-log coordinates

log Pk = −γ log k+ log C

• Normalization
∞∑
k=1

Pk = C
∞∑
k=1

k−γ = Cζ(γ) = 1; C =
1

ζ(γ)

• Riemann zeta function, γ > 1

Pk =
k−γ

ζ(γ)
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Power law continuous approximation

• Power law, k ∈ R, γ ∈ R > 0

p(k) = Ck−γ =
C
kγ

, for k ≥ kmin

• Normalization (γ > 1)

1 =

∫ ∞

kmin

p(k)dk = C
∫ ∞

kmin

dk
kγ

=
C

γ − 1
k−γ+1
min

C = (γ − 1)kγ−1
min

• Power law normalized PDF

p(k) = (γ − 1)kγ−1
min k−γ =

γ − 1

kmin

(
k

kmin

)−γ
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Power-law vs Poisson degree distribution

from A.-L., Barabasi, 2016
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Hubs in networks

• How does the network size affect the size of its hubs(natural
cutoff)?

• Probability of network having a node with degree k > kmax:

Pr(k ≥ kmax) =

∫ ∞

kmax

p(k)dk

• Expected number of nodes with degree k ≥ kmax:

N · Pr(k ≥ kmax) = 1

• Expected largest node degree in exponential network
p(k) = Ce−λk

kmax = kmin +
lnN
λ

• Expected largest node degree in power law network
p(k) = Ck−γ

kmax = kmin N
1

γ−1
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Hubs in networks

from A.-L., Barabasi, 2016
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Moments

• Power law PDF, γ > 1:

p(k) =
C
kγ

, k ≥ kmin; C = (γ − 1)kγ−1
min

• First moment (mean value), γ > 2:

⟨k⟩ =
∫ ∞

kmin

kp(k)dk = C
∫ ∞

kmin

dk
kγ−1

=
γ − 1

γ − 2
kmin

• Second moment, γ > 3:

⟨k2⟩ =
∫ ∞

kmin

k2p(k)dk = C
∫ ∞

kmin

dk
kγ−2

=
γ − 1

γ − 3
k2min

• m-th moment, γ > m+ 1:

⟨km⟩ =
∫ kmax

kmin

kmp(k)dk = C
km+1−γ
max − km+1−γ

min
m+ 1− γ
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Moments

⟨k⟩ = C
k2−γ
max − k2−γ

min
2− γ

, ⟨k2⟩ = C
k3−γ
max − k3−γ

min
3− γ

σ2 = ⟨k2⟩ − ⟨k⟩2, kmax = kmin N
1

γ−1

Clauset et.al, 2009
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Scale free network

Degree of a randomly chosen node:

k = ⟨k⟩ ± σk, σ2
k = ⟨k2⟩ − ⟨k⟩2

Poisson degree distribution (random network) has a scale ⟨k⟩:
k = ⟨k⟩ ±

√
⟨k⟩

Power law network with 2 < γ < 3 is scale free:

k = ⟨k⟩ ±∞
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Degree fluctuation in real networks
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Degree fluctuation in real networks
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Scale-free networks

from A.-L. Barabasi, 2016
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Properties of scale free networks

from A.-L., Barabasi, 2016
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Scale free networks in real world

from A. Clauset, 2018
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Plotting power Laws

• Power law PDF

p(k) = Ck−γ ; log p(k) = log C− γ log k

• Cumulative distribution function (CDF)

F(k) = Pr(ki ≤ k) =
∫ k

0
p(k)dk

• Complimentary cumulative distribution function cCDF

F̄(k) = Pr(ki > k) = 1− F(k) =
∫ ∞

k
p(k)dk

• Power law cCDF
F̄(k) =

C
γ − 1

k−(γ−1)

log F̄(k) = log
C

γ − 1
− (γ − 1) log k
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Plotting power laws

from A.-L., Barabasi, 2016
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Parameter estimation: γ

Maximum likelihood estimation of parameter γ
• Let {ki} be a set of n observations (points) independently

sampled from the distribution

P(ki) =
γ − 1

kmin

(
ki

kmin

)−γ

• Probability of the sample

P({ki}|γ) =
n∏
i

γ − 1

kmin

(
ki

kmin

)−γ

• Bayes’ theorem

P(γ|{ki}) = P({ki}|γ)
P(γ)

P({ki})
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Maximum likelihood

• log-likelihood

L = ln P(γ|{ki}) = n ln(γ − 1)− n ln kmin − γ

n∑
i=1

ln
ki

kmin

• maximization ∂L
∂γ = 0

γ = 1 + n

[
n∑

i=1

ln
ki

kmin

]−1

• error estimate

σ =
√
n

[
n∑

i=1

ln
ki

kmin

]−1

=
γ − 1√

n
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Parameter estimation: kmin

• Kolmogorov-Smirnov test (compare model and experimental
CDF)

D = max
k

|F(k|γ, kmin)− Fexp(k)|

• find
k∗min = argminkminD

Clauset et.al, 2009
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