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Scale-free networks
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Node degree distribution

ki - node degree, i.e. number of nearest neighbors,
ki=1,2,...kmax

nk - number of nodes with degree k, ny = >, Z(k; == k)
® total number of nodes N = >, n

® Degree distribution is a fraction of the nodes with degree k
Ny Ny
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Node degree distribution
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Degree distribution
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Power law degree distribution
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Py ~ k=7 log P ~ —~log(k)
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Power law degree distribution

Degree distribution
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Discrete power law distribution

Power law distribution, k € N,y € R > 0

C
P, =Ck = —
k K

Log-log coordinates

log Pk = —vlogk + log C

Normalization
1

Pe=CS kT =Cl(y)=1; C= —

® Riemann zeta function, vy > 1
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Power law continuous approximation

® Powerlaw, ke R,y € R >0

C
p(k) =Ck™7 = H, for k > kmin
® Normalization (y > 1)
e [ dk C
1 B /kmin p(k)dk B C kmin m B ’7 - 1kmin

C=(y—1DK!

min

® Power law normalized PDF

Pl = (= Dl = Tt ()

min kmin
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Power-law vs Poisson degree distribution
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Hubs in networks

® How does the network size affect the size of its hubs(natural
cutoff)?
Probability of network having a node with degree k > kmax:

Pr(k > kona) — / p(k)dk
kmax
Expected number of nodes with degree k > knax:
N'Pr(kzkmax) :].

Expected largest node degree in exponential network

p(k) = Ce ™
InN
kmax = kmin + T
® Expected largest node degree in power law network
p(k) = Ck—

_1
Kmax = kmin N7—1
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Hubs in networks
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Moments

Power law PDF, v > 1:

min

pK) = 1, K ki € = (7~ DT

First moment (mean value), v > 2:
e * dk v—1
(k) = /kmin kp(k)dk = C/kmin o1 mkmm
e Second moment, vy > 3:
e > dk v—1
<k2> - \Amin k2p(k)dk - C.\/\min m B mkﬁ“n

® m-th moment,v > m+ 1:

Kmax km+177 _ k’".+177
K™ = [ Kp(k)dk = =2 min
W= [ etk T
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Moments @
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Scale free network

Degree of a randomly chosen node:
k=K +o, of = (k) — (K’

Poisson degree distribution (random network) has a scale (k):

k= (k) + /(K
Power law network with 2 < v < 3 is scale free:
k= (k) £ oo

k
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tuation in real networks

Network N L & k2 ko) &2 Yin Yout ¥
Internet 192,244 609,066 6.34 - = 240.1 = = 3.42*
www 325,729 1,497,134 460 1546.0 4824 = 2.00 2.31 =
Power Grid 4,941 6,594 2.67 - = 10.3 = = Exp.
Mobile-Phone Calls 36,595 91,826 2.51 12.0 "7 = 4.69* 5.01* -
Email 57,194 103,731 1.81 94.7 1163.9 = 3.43* 2.03* -
Science Collaboration 23,133 93,437 8.08 - = 178.2 = = 3.35*
Actor Network 702,388 29,397,908 83.71 - = 47,353.7 - = 2.12%
Citation Network 449,673 4,689,479 10.43 971.5 198.8 = 3.03* 4.00* -

E. Coli Metabolism 1,039 5,802 5.58 5357 396.7 = 2.43* 2.90* -
Protein Interactions 2,018 2,930 290 - = 32.3 = = 2.89%-
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Degree fluctuation in real networks
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Scale-free networks
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Properties of scale free networks

I @ 4@
SCALE-FREE RANDON
REGIME REGIME

ndistingui
rom a randam network

st
Q& S S 3
& \\: o @h@ ot & cgglqée‘@@‘y
SFESE £ S S EF
1 2 3 Y
(&) £ (k) e
2 B y=3
(k*} oweroes i (k) owverces @
= InlnN
N InN
{d)~InlnN “‘
In{
ko GROWS FASTER THAN & ULTRA-SMALL
WORLD
Koam N7

Lecture 2 Higher School of Economics January 17,2022 20/27



Scale free networks in real world

160
Weakest | Weak

160 160

1 Super-Weak
Scale-free

80 80

Scale-free Scale-free

@ All datasets 5
% Super-weak Scale-free
© ® Weakest Scale-free
s
L] @ \Weak Scale-free 0
5 @® Strong Scale-free 160
5 @® Strongest Scale-free Strongest
'E Scale-free
=4
Z

Power-law parameter, a

from A. Clauset, 2018

Lecture 2 Higher School of Eco January 17,2022 21/27




Plotting power Laws

Power law PDF
p(k) = Ck™7; logp(k) =logC — ~ylogk

Cumulative distribution function (CDF)
F(k) = Pr(ki < k) = /Okp(k)dk
Complimentary cumulative distribution function cCDF
F(k) = Pr(ki > k) = 1 — F(k) = /k h p(k)dk

Power law cCDF

F(k) = Lk—(v—l)
v—1

log F(k) = log

fy_
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Plotting power laws
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Parameter estimation: ~

Maximum likelihood estimation of parameter

e Let {k;} be a set of n observations (points) independently
sampled from the distribution

N Y — 1 k,' -
P(kl) B kmin (kmin)

® Probability of the sample

n

P({ki}l'v):]j[”_l < ki )‘7

kmin kmin

® Bayes’ theorem

P(vItki}) = P({kit) 5
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Maximum likelihood

® |og-likelihood

L =InP(y|{k}) =nIn(y = 1) — nInkmin — ’yZIn

—1
ki
kmin

ofpra]
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® maximization gﬁ 0

y=1+n

® error estimate




Parameter estimation: kpin

e Kolmogorov-Smirnov test (compare model and experimental

D = max |F(k|y, kmin) — Fexp(K)|
k
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Clauset et.al, 2009
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