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Class details

• Instructors: Leonid Zhukov, Ilya Makarov, Dmitrii Kiselev
• Course duration: Modules 3-4
• Module 3: 10 lectures, 10 online labs
• Schedule:

Lectures - Monday 18.10-19.30, ZOOM
Labs - Monday, 19.40-21.00, ZOOM

• Website: www.leonidzhukov.net/hse/2022/networkscience
• Emails: lzhukov@hse.ru, iamakarov@hse.ru, dkiseljov@hse.ru

• Programming: Python, iPython notebooks (Anaconda)
• Python libraries: NetworkX
• Visualization: yEd, Gephi
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Prerequisites

• Discrete Mathematics
• Linear Algebra
• Algorithms and Data Structures
• Probability Theory
• Differential Equations
• Programming in Python
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Network science

• Sociology (SNA)
• Mathematics (Graphs)
• Computer Science (Graphs)
• Statistical Physics (Complex networks)
• Economics (Networks)
• Bioinformatics (Networks)
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Conferences

• The Web conference (former WWW)

• WSDM, ICDM, KDD, ECML-PKDD

• International Conference on Social Network Analysis, INSNA

• Complex Networks

• ACM Conference on Online Social Networks

• Conference on Complex Systems
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Course topics

• Statistical properties and modelling of the network
• Network structure and dynamics
• Processes on networks
• Predictions on networks (ML)
• Network embeddings (DL)
• Graph neural networks (DL)
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Module 3 lectures

1. Introduction to network science

2. Power law and scale-free networks

3. Random graphs

4. Generative network models

5. Node centrality and ranking on networks

6. Network structure

7. Graph partitioning

8. Network communities

9. Mathematical models of epidemics

10. Epidemics on networks
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Textbooks

• ”Network Science”, Albert-Laszlo Barabasi, Cambridge
University Press, 2016: networksciencebook.com

• ”Networks: An Introduction”. Mark Newman. Oxford University
Press, 2010.

• ”Social Network Analysis. Methods and Applications”. Stanley
Wasserman and Katherine Faust, Cambridge University Press,
1994

• ”Networks, Crowds, and Markets: Reasoning About a Highly
Connected World”. David Easley and John Kleinberg,
Cambridge University Press 2010.
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Terminology

• network = graph
• nodes = vertices, actors
• links = edges, relations
• clusters = communities
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Networks

• they are everywhere
• universal abstract
representation

• not regular, but not random
• non-trivial topology
• many universal properties
• complex systems
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Internet

Internet traffic routing (BGP)

Barret Lyon, 2003
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Facebook friendship
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Political blogs

red-conservative blogs, blue -liberal, orange links from liberal to
conservative, purple from conservative to liberal

image from L. Adamic, N. Glance, 2005
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Examples: Twitter

”#usa” hashtag diffusion, retweets - blue, mentions - orange

image from K. McKelvey et.al., 2012
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Communications

Enron emails

image from www.philipstarritt.com/
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Finance

existing relations between financial institutions

F. Schweitzer, 2009
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Examples: Transportation

Zurich public transportation map

image from http://www.visualcomplexity.com
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Biology

Yeast protein interaction network

H. Jeong et.al., 2001
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Human Connectome

DT-MRI white matter fiber tractography
Human Connectome Project
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Facebook

Friendship graph 500 mln people
image by Paul Butler, 2010
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Visual complexity
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Graphs

• A network is represented by a graph G(V, E),
• A graph G = (V, E) is an ordered pair of sets: a set of vertices V
and a set edges E, where n = |V|,m = |E|

• An edge eij = (vi, vj) is pair of vertices (ordered pair for directed
graph)

• Adjacencymatrix An×n is a matrix with nonzero element aij
when there is an edge eij
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Graphs
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Nodes degree

• Two nodes/vertices are adjacent if they share a common edge
• An edge and a node on that edge are called incident.
• The degree ki of a node vi is the total number of nodes adjacent

to it (number of incident edges) , ki = |N (vi)|
• Average node degree in the graph:

⟨k⟩ = 1

n

∑
i

ki =
2m
n

=
2|E|
|V|

• In directed graphs total node degree ki = kini + kouti
kini - incoming degree, number of edges pointing to node i
kouti - outgoing degree, number of edges/ pointing from node i

• In directed graphs average in and out degrees are equal:

⟨kin⟩ = 1

n

∑
i

kini = ⟨kout⟩ = 1

n

∑
i

kouti =
m
n

=
|E|
|V|
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Degree distribution

• ki - node degree, ki = 1, 2, ...kmax
• nk - number of nodes with degree k, total nodes n =

∑
k nk

• Degree distribution is a fraction of the nodes with degree k

P(ki = k) = P(k) = Pk =
nk∑
k nk

=
nk
n
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Graph connectivity

• A path from vi to vj is a sequence of edges that joins two
vertices. (It also ordered list of vertices such that that there is
an edge to the next vertex on the list)

• A graph is connected if there a paths between any two vertices.
• Connected component is a maximal connected subgraph of G
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Paths and distances

• The distance dG(vi, vj) between two vertices is the number of
edges in the shortest path from vi to vj

• Graph diameter is the largest shortest path:
D = maxi,j dG(vi, vj)

• Average path length (bounded from above by the diameter):

⟨L⟩ = 1

n(n− 1)

∑
i ̸=j

dG(vi, vj)
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Paths and distances

”Yeast” graph, n = 2617,m = 11855

Diameter D = 15, average path length ⟨L⟩ = 5.1
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Graph transititvity

• Transitivity of a graph (global clustering coefficient):

T =
3× number of triangles (triads)

number of connected triplets of vertices
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Clustering coefficient

How neighbours of a given node connected to each other
• Local clustering coefficient (per vertex):

Ci =
number of links inNi

ki(ki − 1)/2

• Average clustering coefficient:

C̄ =
1

n

n∑
i=1

Ci
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Complex networks

Networks:

1. Scale-free - power law node degree distribution

2. Small-world - small diameter and average path length

3. Тransitive - high clustering coefficient
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Scale-free networks
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Node degree distributions
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Scale-free networks

log p(k) = c− γ log k

p(k) = Ck−γ =
C
kγ
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Power law network

image from http://www.coppelia.io
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Power law network

image from http://www.coppelia.io
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Triads

• ”The Strength of Weak Ties”, Mark Grannoveter, 1973
• ”Spread of Information through a Population with
Socio-Structural Bias. Assumption of Transitivity”, Anatol
Rapoport, 1953
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Triadic closure

• strength of a tie
• high transitivity
• high clustering coefficient

If A and B and B and C are strongly linked, the the tie between B and
C is always present
Grannoveter, 1973
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High clustering

Facebook friendship

image from Cameron Marlow, Facebook
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High clustering

Co-author network
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Small world: six degrees of separation

• ”The small-world problem”. Stanley Milgram, 1967
• ”An experimental study of the small world problem”, Jeffrey
Travers, Stanley Milgram, 1969
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Stanley Milgram’s 1967 experiment

J. Travers, S. Milgram, 1969
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Stanley Milgram’s 1967 experiment

• Starting persons:
• 296 volunteers, 217 sent
• 196 in Nebraska
• 100 in Boston

• Target person - Boston
stockbroker

• Information given: target
name, address, occupation,
place of employment, college,
hometown

J. Travers, S. Milgram, 1969
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Stanley Milgram’s 1967 experiment

• Reached the target N = 64(29%)

• Average chain length ⟨L⟩ = 5.2

• Channels:
• hometown ⟨L⟩ = 6.1
• business contacts ⟨L⟩ = 4.6
• from Boston ⟨L⟩ = 4.4
• from Nebraska ⟨L⟩ = 5.7

J. Travers, S. Milgram, 1969
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Small world

• Email graph:
D. Watts (2001), 48,000 senders, ⟨L⟩ ≈ 6

• MSNMessenger graph:
J. Lescovec et al (2007), 240mln users, ⟨L⟩ ≈ 6.6

• Facebook graph:
L. Backstrom et al (2012), 721 mln users, ⟨L⟩ ≈ 4.74

figures from L.Backstrom, 2012
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Simple model

An estimate: zd = N, d = logN/ log z
N ≈ 6.7 bln, z = 50 friends, d ≈ 5.8.

Lecture 1 Higher School of Economics January 10, 2022 46 / 49



Network Data

• The Colorado Index of Complex Networks (ICON)
http://icon.colorado.edu

• Stanford Large Network Dataset Collection
http://snap.stanford.edu/data/index.html

• UCI Network Data Repository
http://networkdata.ics.uci.edu
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