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Hidden Markov Model

HMM formal definition

@ Desrete states S = (515,...5n)
Observable signals O = (01 0,...07)
Transion probabilities matrix ANV Ay = P(qi1 = Sjlqe = S))
Emmision probabilities matrix BM*N| B; = b;(0;) = P(Oj|g: = S;)
Initial states vector 7, m; = P(q1 = S;)
HMM Model A = (A, B, )
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Three fundamental problems in HMM

@ The Evaluation problem.
Given:

o Observable sequence O = 0;0,0;3...01
e model A = (A, B, )
Find: P(O|))
@ The Decoding problem.
Given:
o Observable sequence O = 0;0,0s...07
e model A = (A, B, 7)
Find: Q* = g19293..q7 = argmaxg P(Q|O, \)
© The Learning problem (training).
Given:
o Observable sequence O = 0;0,0;3...07

Find: \* = arg max, P(O|\)
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The Evaluation problem

Given:\ = (A, B, ) and O = 0;0,03...01
Find: P(O|\)

All possible sequences of states Q@ = @1 @>Q3...Q7
P(O[X) =Y~ P(O[Q,\)P(Q[N)
Q

P(QIX) = 7g,3q142 3205+ 3q7_107
P(O|Q,A) = P(O1lq1, \)P(O2|q2, A)..P(OTlqT, A) =
= bg,(01)bg,(02)...bg; (OT)

P(O[X) = Z Tq1bg, (01)bg,(02).-bg; (0T)ag162 3205+ 37 _1q7 =
q1,--9T1

= Z T bq1(01)8q1q2 bCI2(O2)aCI2q3"'a<JT71QT bCIT(OT)
q1,--9T7
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The Evaluation problem

Two MC states example
One time step:
P(Ol) = 7T1b1(01) -+ 7T2b2(01)

Two time steps:

P(010:) = m1b1(01)a1161(02

Three time steps:

P(010,03) = m1b1(01)a11b1(02)a11b1(03)
m1b1(O01)a12b2(02)a22b2( 03)
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Computational Complexity: O(2T - NT)
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Forward algorithm

Partial observation sequence O;...O; that terminates at state S;
(i) = P(O1,07...0t,q: = Si|\), t < T, 1<i <N

then
a1(j) = P(O1,q1 = Sj|\) = mjbj(01)

(/) P(O1, 02,92 = Sj|\) = [Z o (i aU] 02)
a3(/) P(O1,02,03,q3 = Sj|\) = [Z (i au] 0s)

a1 [Z (i 3U] (Ot41)

P(OIN) = 52 P(O, g1 = SilA) = X2 ar(i)
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Forward-backward algorithm

Forward procedure:

Let ae(i) = P(O1, 02...0¢,q: = Si|A), t < T
Q@ ai(i) = mibi(O1)
© ar11()) = bj(Ort1) X-; (i) ay
@ PO\ =L, ar(i)

Backward procedure:

Let B:(i) = P(O¢41...07|q: = Si,A), t < T
Q 4r(i) =

@ B:(i) = /L, aihj(Oe11)Br41())

@ P(0)) = 1L, Au(i)mibi(01)

Complexity O(N?T)
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Forward-backward algorithm

Algorithm:Forward

Input: A\(A, B, ), O = (o1, ..07)
Output: P(O|))

a1 (i) = mibi(01)
forj=1:N,t=1:T —-1do

| art1(f) = bj(Or41) Do, (i) aj
end

P(O) = 2L ar(i)
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Forward-backward algorithm

Algorithm:Backward

Input: A\(A, B, ), O = (o1, ..01)
Output: P(O|N)
Br(i)=1
forj=1:N,t=T-1:1do

‘ Be(i) = Zszl a;ibj(Or+1)Be+1(j)

end

P(O|\) = 31, Bi(i)mibi(O1)
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Forward-backward algorithm

forward variable

at(i) = P(O1, 02...0¢, gt = Si|))
backward variable

5t(l) = P(Ot+1...OT|qt = 5,',)\)

Then:
( )ﬁt( ) (Ola 02 Ota Ot+1 OTaqt S |)\) (O q: = 5 |)\)

and

P(OIX) = 52 P(O, gr = Si|A) = 225 ()52 (1)

Leonid Zhukov (HSE) Lecture 2 14.11.2013 11 / 21



Forward-backward algorithm

Algorithm:Forward-backward
Input: A(A, B, ), O = (o1, ..07)
Output: P(O|)N)

compute a(F)

compute S¢(1)

P(OIN) = >2; (1) B (i)
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The Decoding problem

Given: A = (A,B,7) and O = 0;0,05...01
Find: Q* = ¢q19293..g7 = argmaxg P(Q|O, \)

Select one from all possible sequences of states @ = Q1 Q> Q3...QT
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The Viterbi algorithm

Find the highest probability that partial observation and state sequences up
to time t can have, when terminates at ;.
51‘(’) = manl,qg,..qt_lp(Ola "Ot—17 aqi, .-, qt = SI’)‘)

61() = mbj(O1)
02(j) = maxP(O1, 0z, q2 = 5j|A) = max{d1(i)a;} b;(02)

q1,92

53(]) = max P(Ol, 02, 03, q3 = 5 |>\) = max{52( )au}bj(O:),)

qd1,92,q3
der1() = miax{ét( )aij } bj(Or41)

* .
q" = arg max;
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The Viterbi algorithm

Algorithm: Viterbi

Input: A\(A, B, ), O = (o1, ..07)

Output: Q = (g1...97)

01(7) = mibi(01)

P1(i) =0

forj=1:N,t=1:T —-1do
Se41(j) = maxi{6¢(i)aj } bj( Ort1)
Yer1(J) = arg max{d:(i)aj;}

end

qy = argmax;{o7(/)}

fort=T-1:1do

| qf = ¥er1(9i, 1)
end
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The Learning problem

Given: O = 010,0s...01
Find: \* = argmaxy, P(O|\), A = (A, B, 7)

forward variable
a¢(i) = P(O1, 02...0¢, qr = Si|))
backward variable
Bi(i) = P(Oty1...O7l|q: = Si, A)

P(O, q: = Si|\) = ax(i)B:(i)

P(O|A) = >, ae(i)Be(i)
P(07 qr = 5i’)\) = P(Qt = 5i|0= A)P(OM)
probability to visit state / at t

i P0G =510  ax(i)Be(i)
7t(’)_P(qt—SI|O >‘)_ P(O|)\) - Z,'Oét(i)ﬂt(i)
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The Baum-Welch algorithm

transition i — j: probability to visit state j at t and j at t + 1

r+1

~2 -1 r
output = X,

& a,, L, =y
2 G 5z %2
i 2]

'S 2
= =
a b (X, )
= a PR i s
sy SN

(D e

B B,

a,

P(0,q: = Si, qr11 = S5i1A) _
P(O|)
_ ()ajbj(Or11)Bri1 ()
> 225 (1) aybj( Oe11) Be41())

Ce(i,)) = P(qt = Si, ge+1 = Sj|0,\) =

[ve (i) = Zj Ge(i, )]
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The Baum-Welch algorithm

° ZtT:1 ~¢(i) - expected number of times being state i

° Zz_:l,ot:k ~¢(i) - expected number of times being state i and
observing symbol Oy

o ni= ZtT:_ll ~¢(i) - expected number of transitions from i

° nj = Zz—z_ll Ct(i,j) - expected number of transitions from i to j
@ Estimations:

7 =n(/)
S B D /1 UY))
T ZtT:_11 Ve(i)
T ,
500 - Sitact )
2t=17:0)
e EM type maximization of P(O[X) = >, a(i)Be(i)
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The Baum-Welch Algorithm

Algorithm:Baum-Welch

Input: O = (oy,..07)
Output: A = (A, B, 7)
set intitial random values A, B, 7
ComPUte af(l)7ﬁt(’)7’7t(l)7Ct(lu.j)
while > a(i)B:(i) increasing do
i < y1(i)
Z Ct( 7./)
aj
> ()

Zt:l,ofzk Ve (7)

bi(k Lok |
W =T 0

end
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The dishonest casino

Fair and unfair die

Tue: green = L\r !na

Most pro!a!\e pa|!

Difference

Liﬁavant.e by posterior-probability
T T T T 1

0 500 1000 1500 2000

Throw nr.
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