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3 basic problems

» The Evaluation problem.
Given:

1. Observable sequence O = 0;0,0;3...01
2. model A = (A, B, )
Find: P(O|))
» The Decoding problem.
Given:
1. Observable sequence O = 0;0,0;3...01
2. model A = (A, B, n)
Find: Q" = q19293..q7: Q* = argmaxg P(Q|0, \)
» The Learning problem (training).
Given:
1. Observable sequence O = 0;0,0;3...01
Find: A* = argmax) P(O|\)
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The Evaluation problem
Find: P(O|))
Sequence of signals

P(O[A) = > P(0lQ. \)P(QIA)
Q

P(O|QA) = P(O1lq1, \)P(O2|q2, A)..P(O7lqT, A) =
= bq,(01)bg,(02)...bg(O7)

P(QIA) = Tq1991929q2q3++-q7_19T

P(OIA) = > 7q,bay(01)bgy(02)...bgr (OT)aquqraqaq5 - 3qr_1qr =

q1,--q71

= Z Tq1bq,(01)aq, ¢, b4, (02)ag,q5--- 27 _1q7 bar (OT)
qi,--4T1

Leonid E. Zhukov (HSE) Lecture 2 16.11.2012 3 /15



The Evaluation problem

Two time steps:

P(O1, 02) = m1b1(01)a11b1(02) +
m1b1(01)a12b2(02) +
mabo(O1)anby(02) +
mab(O1)a21 b1(02) +

Computational Complexity: O(2T - NT)
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Forward Algorithm

Partial observation sequence O;...O; that terminates at state S;
Oét( ) (01,02 Ot’qt:Si‘)\)y tS T, ].SISN

then

a1(j) = P(Or,q1 = Sj|\) = mibj(O1)
a2(j) = P(01,02,q2 = §j|A) = Zal(i)aijbj(o2)

as(j) = P(01,0,, 03,3 = Sj|A) = > aa(i)a;b;( 03)

ar+1()) Zat i)ajjbj(Or+1)

P(OIN) = 52, P(0, 4 = 5)) = 53, (i)
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Forward-backward algorithm

Forward procedure

Let a¢(i) = P(O1, 05...0¢,q: = Si|A\), t < T
1. aq(i) = mibi(O1)
2. aep1() = bj(Oes1) 325 (i)
3. P(O]N) =21 ar(i)

Backward procedure

Let 8¢(i) = P(Ot41...07|q: = Si, A), t < T
L Br(i)=1
2. Be(i) = SojL; aipbi( Ors1) Besa(f)
3. P(OIA) = X0, Ba(i)mibi(01)

Complexity 7
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The Decoding problem

Find: Q* = ¢q192g3..91: Q* = arg maxg P(Q|0, \)

The highest probability that partial observation and state sequences up to
time t can have, when terminates at S;.

5t(i) = MaXq,,q0,..qr—1 P(Ol, ..Otfl, qi, .., 4t = 5,|)\)

51(]) = max P(Ol, q1 = 5|)\) = 7ij'(01)
»(y) = = max P(O1, 02, q2 = Sj|\) = max{él( )aij } bi(02)

q1,q

33() = max P(O1,0.,03,q3 = Sj|\) = max{52( i)ajj} bj(03)

41,492,493

Oe+1(/) = max{0¢(/)aj} bj(Ort1)

* .
q" = arg max;
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Viterbi Algorithm

5t(i) = MaXq,,q0,..qr—1 P(Ol, ..Otfl, qi,..,qt = S,|)\)
2. (5t+1(j) = max,-{&t(i)a,-j}bj(OtH), 1<i<N1I<tLST -1
Ye11(/) = argmax{d¢(i)ajj} bj(Or1)
3. q% = argmax;{d7(i)}
backtracking
qf = Ye41(gyq), t=T—-1,T—=2,.1
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The Learning problem

HMM parameter estimation A = (A, B, )
Find: A* = argmax) P(O|\)

For Markov chain parameter estimation (not HMM!)

P(X1,..Xa|0) = P(X1) HHP”U = L(p

Maximum likelihood MLE estimate:

nj
pij = »
2. i

njj - number of times in sequence X followed Xj, i.e. transition i — j

In HMM can find expected number of transitions (n;;)
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Forward-backward variables

forward variable

a¢(i) = P(O1, 0>...0¢, g = Si|N)

backward variable
Bt(l) = P(Ot+1---OT|qt = 5,‘,)\)

Then:
( )6t( ) (Ola 02 Ol’a Ot+1 OTaqt S |)\) (O s = 5 |)\)

and

P(OIX) = 22 P(O, e = Si|A) = 225 ()52 (1)
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Baum-Welch Algorithm
P(O,q: = Si|]A) = P(q: = Si|0, \)P(O|A)
probability to visit state  at t

N e _ P(O,q: = Si[\)  a(i)Be(i)
W) =Plae= 5100 =500 T 5 e

probability to visit state i at t and j at t + 1, i — j transition

P(0, Gt = Si,qrr1 = S|A) _
P(O|)
a¢(i)aibj(Or11) Be11())
Z > at(i)ajbi(Or+1)Be+1())

Ce(i,J) = P(ge = Si, qe41 = Sj|0,\) =

[ve (i) = Zj Ge(i, )]
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-2 ~1 r 1

e, (i) «, () B B

Leonid E. Zhukov (HSE) Lecture 2 16.11.2012 13 /15



Baum-Welch Algorithm

> 2;1 ~¢(i) - expected number of visits state /
> Zz-z_ll v¢(i) - expected number of transitions from i

> Zfz‘f Ct(i,j) - expected number of transitions from i to j
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Baum-Welch Algorithm

EM type maximization of P(O|\)

» Set initial random values for A, B, 7
> compute af(i)’ﬁt(i)afyt(i)a Ct(’v./)
> estimate
mi = 7(i)
L Y Glin)
W= ST
Doeq (i)
b (k) — itk ()
K) = —=T _  ~
ZtT:1 V()
> repeat while P(O|\) = >, a¢(i)B:(i) is growing
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